ABSTRACT The Hermiticity of physical observable is the fundamental axioms in quantum mechanics. However, it is found that several non-Hermitian Hamiltonian still have real eigenvalues, especially the paritytime symmetric system. The property of parity-time symmetry leads the system to various nontrivial physics with interesting counterintuitive features around the exceptional point. In this study, we investigate the dynamics of parity-time-anyonic Hamiltonian under the tunable exceptional points related to an arbitrary phase of the system. We show that the parity-time symmetry can be achieved in a quasi-parity-timesymmetric system. Also the phase dependence symmetry is discussed based on the simulated results.
I. INTRODUCTION
In quantum mechanics, the quantum system with Hermitian Hamiltonian exhibits real eigenvalues and orthogonality of the eigenstates. For the non-Hermitian Hamiltonian, the recent studies reveal that a quantum system which satisfies parity and time (PT) symmetry also have a completely real spectra [1] . During the past decades, PT symmetric systems have been the subject of intense investigation [2] - [8] and covered in a series of reviews [9] - [11] . It is noted that PT symmetric quantum mechanics mathematically enlarge the region of the traditional Hermitian quantum mechanics [12] . Meanwhile, several non-trivial properties and features are introduced by the PT symmetric quantum systems [13] , [14] .
Recently, the studies of PT symmetry have been expanded to various optical systems. To design the complex PT-symmetric potentials by using the refractive indices with balanced gain and loss [15] , various experimental realization within the optical framework have been achieved [16] - [19] . In 2008, Christodoulides and his coworkers realized the PT symmetric optics with coupled waveguides [20] , [21] .
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Later, the concept of PT symmetry is extended to optical microresonators system [22] , [23] . These PT symmetric optic systems are of particular interest as they provide an excellent platform for exploring the non-Hermitian physics. Moreover, PT symmetry also enables several intriguing applications, such as the parity-time symmetric lasers [24] , [25] , ultrasensitive sensing [26] - [30] , phonon laser [31] , and topological chirality [32] , [33] . Subsequently, the eigen-spectra ceases to be real and the modes coalesce to a single mode on the exceptional point (EP) by engineering the PT symmetric system. The abrupt nature are encountered around EP which leads to several intriguing results, for example, the nonreciprocal transmission [22] , [34] , [35] .
The PT symmetric Hamiltonian requires that the HamiltonianĤ is commuted with the time reversal operatorT and the parity operatorP, and the relation should be described aŝ PTĤ =ĤPT . Motivated by this, we assume the PT operation introduces a fixed phase to the Hamiltonian of the system as PTĤ − e iφĤ PT = 0, which has the same commutation relation form as the anyons. Then it can be considered as PT-anyonic symmetric system. Specifically, when φ = 0(π) the system exhibits PT-symmetry (anti-PT-symmetry [36] ), andĤ shares real eigenvalues with operatorsPT . Here FIGURE 1. The scheme of the PT -symmetric anyonic system consists of chain coupled microresonators. The gain and dissipation are symmetric in this chain, i.e. if the i -th cavity has a dissipation rate of γ , then the n − i + 1-th cavity shows a similar gain rate of γ .
we notice that the phase transition could be renormalized by introducing an overall phase e −iφ/2 , as PT (e −iφ/2Ĥ ) − e iφ/2Ĥ PT = 0. In other words, a certain phase could be generated by the PT operation in the PT-anyonic system. Also, the properties of EPs and energy-levels degeneracy exhibit more novel results. These results provide new insights for the PT symmetry physics, and also lead to fascinating applications in nanophotonic and nanoacoustic devices.
II. THE FEATURES OF THE PARITY-TIME-ANYONIC HAMILTONIAN
Here the generic PT-anyonic model of the n-party coupled microresonators system is shown in Fig.1 . The subsystems are numbered from 1 to n, and g i,j represents the coupling strength between the neighboring ith and the jth subsystems. For the case considered here, the action of theP operation is defined to rearrange the order of the system from n to 1, and the T operation exchanges the properties of gain and dissipation rate of the subsystems. If the i-th cavity has a dissipation/gain rate of γ then the n − i + 1-th cavity has a similar gain/dissipation rate of γ . Within the context of non-conserving n-resonator problems, the matrix elements of the nth-order Hamiltonian of the system exhibits the features that i,i = e iφ * n−i+1,n−i+1 and g i,j = e iφ g * n−i+1,n−j+1 . Here the non-diagonal matrix elements g i,j and g j,i of the Hamiltonian are equal as g i,j = g j,i which represent the coupling strength of the system. Here the coupling strength is assumed as a complex number in the form g i,j = G i,j e iφ , and we can set g i,j = g j,i = g ij simplicity, also we denote that g ij = G ij e iθ/2 . Moreover, the PT-operation requires the spatial geometric symmetry, then it turns out that the coupling strength could be written as g i,j = g n−j+1,n−i+1 , and the relation g i,j = g j,i = g n−i+1,n−j+1 = G i,j e iθ/2 could be fulfilled. Here θ represents the phase of the coupling.
A. THE BINARY PT-ANYONIC HAMILTONIAN
To characterize the features of the PT-anyonic system, we choose the binary (two microresonators with the same resonant frequency) coupled system as an example. The Hamiltonian of the PT-anyonic system is given bŷ
It is worth noting that the Hamiltonian can be transformed to the Hamiltonian with PT-symmetry by multiplying a constant phase factor e −iθ/2 , which means PT-symmetry is a special case of PT-anyonic condition. Here ω = cos φ denotes the frequency of the resonator, while γ = − sin φ represents the dissipation rate. g is the coupling strength between the two microresonators, and θ/2 is the coupling phase which is induced under the PT -symmetric anyonic condition. We set the parameters of the current system in the unit of g, the eigenvalues of the Hamiltonian can be solved as
Here the position of the EP could be defined under the condition = 4 − 2 2 (1 − cos(θ − 2φ)) = 0 which leads the transition of the system between the PT-symmetric region and the PT-symmetry-broken region. Moreover, from the expression of the eigenvalues, we can find that the PT -operation induces a global-phase on the term of the difference between eigenenergy levels, and its value is determined by the frequency and the dispersion. For example, when θ = 0, the energy levels are degenerated and the system works in the PT -symmetric regime if > 0; when θ = π, it implies that the system works under the anti-PT -symmetric condition with energy levels degeneracy if < 0.
The relation between the phase function and the energy detuning parameter( ) is shown in Fig.2 . The blue line represents the condition that the system works under the EPs that depends on the phase and energy detuning. When θ − 2φ = 2nπ or < 1, the system evolves into EPs-forbidden region. When θ − 2φ = 2nπ, the frequency of the first and the second microresonators resonant at the same values. Due to the coupling with the environment and the energy conservation, they show opposite frequency shift. The mode splitting could be observed without EPs. We note that there is another EPs-forbidden region if < 1 which means the system is over-coupling. The energy is oscillated transferring between the neighboring two nodes of the coupled system. The value at θ − 2φ = 2nπ + π implies that it requires the lowest resonating strength( ) to achieve the EPs. The phase is symmetric around the origin point in the complex plane of the oscillation which results the constructive interference. In other words, the EPs are the critical points of the oscillation and the coupling strength between the subsystems. The properties of the energy levels degeneracy is shown in Fig.3 . The intrinsic level of the system varies with intensity under different PT -phases with φ = π/8. For comparison, the eigenvalues with the PT-symmetric phase θ = 0, anti-PT-symmetric phase θ = π and a general PT -phase θ = 2π/3 are calculated to show different features of the system. Here only the PT-symmetric and anti-PT-symmetric phases are observed to show a long range energy-level degeneracy as the coupling of the system can be rotated by half the PT-phase (only when the rotating phase is 0 or π/2, the energy levels are still antisymmetric in the complex plane. While for other phases, there are always the supermodes except on the EPs. Take advantage of this feature, the splitting of PT -anyonic phase can be used to identify the perturbations near the EPs.
B. THE TERNARY PT-ANYONIC HAMILTONIAN
For simplicity, we assume the system is chain-coupled with the same coupling strength. In the rotating reference frame with frequency ω 2 , the PT -anyonic Hamiltonian could be written asĤ
here the eigenfrequency of the coupled system satisfies the relation:
where n = 1, 2, 3 and α = In Fig.4 , when α, β and = α 2 + β 3 are equal to 0 (corresponds to θ − 2φ = (2n + 1)π), we find the three eigenfunctions coalesce which reveals the existence of a highorder EP. When = 0 and α = β = 0, only two of the eigenfunctions coalesce at the EP. Moreover, when the intensity of resonance is smaller than the coupling strength( < 1), the system works in the region of EPs-forbidden.
The situation of resonance becomes complex when = 0, and there are degeneracy of the energy levels without EPs in this region. When > 0 and the PT-phase is rotated around eigenvalues, only the PT -symmetric phase can generate longrange energy levels degeneracy. When < 0, the expression
shows real values, and the energy levels degeneracy could be observed under the rotation with the angle π/2(corresponding to anti-PT -symmetry).
The resulting supermode spectrum is shown in Fig.5 . Here the relation of the the energy levels splitting is presented with the power under different PT -phase(θ = 0, 2π/3, π). Compare the PT -symmetric condition(red line) and anti-PT -symmetric condition(blue line), we find the real and imaginary part are exchanged by the PT -phase. For the PT -symmetric condition, when is small, we can find the dissipation is degenerated. For the real part, the eigenfrequencies are non-degenerate as the symmetry is broken. While the results are opposite for the anti-PT -symmetric system. For the more general PT -phase, we can find that the eigenmodes is non-degenerate except in the EPs for the symmetry is broken in this region. Even more, this broken-symmetry can also be reconstructed.
III. NUMERICAL RESULTS OF THE PT-ANYONIC COUPLED MICROCAVITIES SYSTEM
To further clarify the properties of the mode-degeneracy around the EPs, we present a PT -symmetry-anyonic model by using coupled whispering-gallery-mode microcavities. As shown in Fig.6 , the intrinsic spectrum and dissipation of the system are non-degenerate (except for the EPs) in PT -symmetry-anyonic systems. The composite system consists two microcavities, one with dissipation and the other with gain. Assuming the Q-factor of the two cavities are 2 * 10 7 , and the dissipation rate of the passive cavity is 7MHz. The frequency detuning of the first cavity in the rotating frame is 1 = ω 1 −ω r = 7 √ 3MHz. The frequency detuning of the active cavity is set to 2 = ω 1 − ω r = 7MHz. Usually, the rotating frame can be connected to the heterodyne method with an reference beam with frequency ω r . And the gain rate of the cavity is 7 √ 3MHz. It is worth noting that PT -anyonic only constrains the vibration intensity 2 i + γ 2 i . We rewrite the resonant frequencies of the system in the exponential form, then the complex frequency of the first cavity is 14 e −iπ/6 MHz, while for the second cavity its complex 
√
2e iπ/12 Mhz. The coupling strength is a complex value, it means that the coupling of the two cavities will bring energy loss to the system. The the steady state of the system obeys the relation as e iφ ge iθ/2 ge iθ/2 e i(θ−φ) .
Here a 1 and a 2 represents the mode amplitude of cavity 1 and cavity 2, respectively. In Fig.7(a) , the system in the a 1 mode is described and the transmission spectrum(T ) of the coupled resonators is shown which is related to the detuning( ) under different cavity resonating intensity. The eigenfrequencies and dissipation rates could be solved through the transmission spectrum which are shown in Fig.7(b) . Moreover, the transition from the energy levels splitting (solid line) to degeneracy is investigated through the PT-anyonic phase transition. In order to further describe the properties of the system, we first tune the two microcavities under the PT -symmetryanyonic condition. Then the coupling strength is increased to exceed the EPs, and the transmission spectrum could be recorded. By fitting the data using the coupled double Lorentz model, the frequency and dissipation rate of the coupled system could be theoretically solved. After that, by rotating the complex frequency combined with the frequency and dissipation rate with half of the PT -phase(θ) in the complex plane, the symmetry induced energy levels degeneracy is recovered(see the red line in Fig.7(b) ). The symmetry is reconstructed by the post-processing under the PT -symmetry-anyonic condition.
IV. SUMMARY
In summary, we have studied the PT -anyonic system in which certain phase under the parity-time operation can be generated. We find that the phase difference between the PT-phase and the phase of the complex vibration is 0, featuring the system goes into the EPs-forbidden region. Also, we note that the energy-degeneracy can only be achieved in the PT-symmetric and anti-PT-symmetric condition. Moreover, our work extends the binary PT symmetric condition to the ternary PT symmetric system and reveals that the three energy-level degeneracy can be investigated in the anti-PT-symmetric condition. Finally, an experimental feasible scheme is investigated to show the symmetry protection under anyonic PT-phase condition. Through renormalizing the complex plane coordinate vector, the energy levels degeneracy can be maintained. The key requirement of the PT-symmetric scheme is that the coupled cavities should have the same resonant frequency which is hard to achieve in experiment. However in our system, it is not required for two cavities to be in resonance. We believe the proposed system can be used for the applications of ultra-sensitive sensing, optical chirality, and non-reciprocal transmission. VOLUME 7, 2019 
